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Abstract
We study soliton solutions in 1+1 dimensional gauged sigma models, ob-
tained by dimensional reduction from its 2+1 dimensional counterparts.
We show that the Bogomol’nyi bound of these models can be expressed in
terms of two conserved charges in a similar way to that of the BPS dyons
in 3 + 1 dimensions. Purely magnetic vortices of the 2+1 dimensional
completely gauged sigma model appear as charged solitons in the corre-
sponding 1+1 dimensional theory. The scale invariance of these solitons is
also broken because of the dimensional reduction. We obtain exact static
soliton solutions of these models saturating the Bogomol’nyi bound.
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I. INTRODUCTION
Recently, there has been much interest in the study of soliton solutions in 2+1 di-
mensional gauged sigma models [1–7]. These models can be viewed as a low energy
effective action of certain gauged linear sigma models with judiciously chosen Higgs po-
tential. The self-dual soliton solutions of the completely gauged sigma model with pure
Chern-Simons(CS) dynamics are scale invariant [1]. In fact, the scalar multiplet is ex-
actly equivalent to that of the usual sigma model [8]. Moreover, purely magnetic vortices
can be obtained from this completely gauged sigma model after a suitable reduction of
the non-Abelian gauge group, as in the case of ’t Hooft-Polyakov monopole [9]. Unlike
in the monopole case, these magnetic vortices can also be obtained from an Abelian
theory, since the Bianchi identity for the U(1) invariant field strength is satisfied in 2+1
dimensions. All these results can be generalized to the completely gauged CPN models,
either with pure CS [1] or Yang-Mills CS dynamics [2].
Solitons of the 2+1 dimensional U(1) gauged sigma models are not scale invariant,
because of the presence of a U(1) invariant potential term [3,5]. No exact solution is
known for any of these models. However, it is known that these models admit a variety
of new soliton solutions [3,5,7]. One such peculiar feature is that the magnetic flux of the
topological solitons in the symmetric phase of the theory is not necessarily quantized
like vortices in the Abelian Higgs models. The quantization of the magnetic flux is
recovered in the asymmetric phase. These sigma models with pure CS dynamics admit
both topological as well as nontopological soliton solutions, as in the case of self-dual
U(1) CS Higgs theory. In fact, these U(1) gauged sigma models can be reduced to
the self-dual U(1) CS Higgs theory [10] in certain limits. All these results have been
generalized to the gauged CPN case with pure CS dynamics [6], where a proper subgroup
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of the global SU(N + 1) is completely gauged.
The 1+1 dimensional sigma models have many properties in common with the 3+1
dimensional Yang-Mills-Higgs(YMH) theory. One such remarkable feature is that a
class of 1 + 1 dimensional sigma models admit Q-kinks [11,12] with similar properties
to those of the BPS dyons of YMH theory [13]. These 1+1 dimensional sigma models
are obtained by dimensional reduction from their 2+1 dimensional counterparts. It is
reasonable at this point to study dimensionally reduced version of the 2+1 dimensional
gauged sigma models.
The purpose of this paper is to study soliton solutions in 1+1 dimensional gauged
sigma models obtained by dimensional reduction from 2+1 dimensions. In particular,
we consider dimensionally reduced version of two different 2+1 dimensional models with
pure CS dynamics, (i) the completely gauged sigma model [1] and (ii) the U(1) gauged
sigma model [5]. We find that the Bogomol’nyi bound [14] for both of these models are
of BPS type, namely, the lower bound on the energy is expressed as a linear combination
of the topological charge and the Noether charge. Moreover, the scale invariant soliton
solutions, describing purely magnetic vortices, of the 2+1 dimensional completely gauged
sigma model, appear as solitons solutions with nonzero Noether charge and a definite
scale, in the corresponding 1+1 dimensional theory. This resembles the way BPS dyons
in 3+1 dimensions can be obtained from four dimensional Eucledian self-dual Yang-
Mills theory. Such an analog already exists in the framework of certain 1+1 dimensional
sigma models admitting Q-kinks [11] which are necessarily time dependent solutions.
However, in our case the similarity is between static solitons of the completely gauged
model and 3+1 dimensional dyons. Recently, it has been shown that the dimensionally
reduced version of self-dual U(1) CS Higgs theory also shares similar properties [15].
Unfortunately, the soliton solutions of 2+1 dimensional U(1) CS Higgs theory are not
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scale invariant. Thus, the completely gauged sigma model studied in this paper have
more similarities with BPS dyons than any other existing models. We find all the
static, exact soliton solutions of the completely gauged sigma model saturating the
Bogomol’nyi bound. We are able to obtain only a class of exact soliton solutions for the
U(1) gauged sigma model. The soliton solutions of both of these models are domain
walls, interpolating between different symmetric and asymmetric vacua.
The plan of this paper is the following. First, we introduce and study the 1+1
dimensional completely gauged sigma model in Sec. II. In particular, we describe the
dimensional reduction procedure and obtain the 1+1 dimensional model from the 2+1
dimensional completely gauged sigma model. We obtain the Bogomol’nyi bound of this
model and present all static, exact solutions of the Bogomol’nyi equations. In Sec. III,
we discuss the U(1) gauged sigma model and obtain a set of exact, static soliton solutions
saturating the Bogomol’nyi bound. Finally, we give a summary of the results obtained
in this paper and discuss on possible directions to be explored in Sec. IV. In appendix
A, we present some more exact soliton solutions saturating the Bogomol’nyi bound for
the U(1) gauged sigma model.
II. O(3) GAUGED SIGMA MODEL
The self-dual completely gauged sigma model in 2+1 dimensions is given by [1],
L0 = 1
2
Dµχ
aDµχa +
κ
4
ǫµνλ
(
F aµνA
a
λ −
e
3
ǫabcAaµA
b
νA
c
λ
)
. (1)
The real scalar field χ has three components and is constrained to lie on a unit sphere
in the internal space, i.e., χaχa = 1. The covariant derivative and the field strengths F a01
are defined as,
Dµχ
a = ∂µχ
a + eǫabcAbµχ
c, F aµν = ∂µA
a
ν − ∂νAaµ + eǫabcAbµAcν . (2)
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The self-dual equations of (1) are,
D0χ
a = 0, Diχ
a ± ǫijǫabcχbDjχc = 0. (3)
The self-dual soliton solutions of (1) are characterized by the energy E = 4πq0, where
the topological charge q0 is defined as,
q0 =
∫
d2xk0, kµ =
1
2
ǫµνλFνλ, Fµν = ǫabcDµχaDνχbχc − eF aµνχa. (4)
Here, kµ is the gauge invariant topological current and Fµν is the U(1) invariant field
strength. The conservation of the topological current automatically implies the Bianchi
identity for Fµν . Note that the electric field F01 vanishes for the self-dual field configu-
rations, since the Gauss law implies F aµνχ
a = 0. However, the magnetic field is nonzero
and it describes Liouville vortex. These self-dual field configurations are of zero Noether
charge. As a consequence, the spatial components of the gauge fields are pure gauges
and the second equation of (4) can be exactly mapped into the corresponding equation
of the usual sigma model. Thus, the solitons are scale invariant.
We now dimensionally reduce the model (1) to 1+1 dimensions. We take all the field
variables to be independent of the second coordinate and identify the second component
of the gauge field with a triplet Ma, Aa2 = M
a. Following the standard procedure, we
have the 1 + 1 dimensional completely gauged sigma model,
L1 = 1
2
(Dµχ
a)2 − e2
(
MaMa − (Maχa)2
)
+ κMaF a01, µ = 0, 1. (5)
Note the appearance of an interaction term. The vacuum is characterized by those field
configurations, for which the norm of the triplet M is exactly equal to the square of its
own projection along χ.
The equations of motion of (5) are,
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κF a01 = e
2
[
Ma − χa(M bχb)
]
, κD0M
a = Ka1 , κD1M
a = Ka0 ,
DµK
a,µ = e3ǫabcM bχc(Mdχd), Kaµ = eǫ
abcDµχ
b χc, (6)
where a prime denotes differentiation with respect to the space coordinate. Note that
F a01χ
a = 0. Also, χaDµM
a = 0, since Kaµχ
a = 0.
We now define two conserved charges Y1 and Z1,
Y1 = κ
∫
dx [MaMa]′ , Z1 = 2e
∫
dx [χaMa]′ . (7)
These two charges, Y1 and Z1, can be identified as topological and Noether charges
respectively. The reason for such an identification is the following. The momentum
along the compactified direction, Py, is a conserved quantity in the 2 + 1 dimensional
theory, because of the translational invariance. This quantity remains conserved in the
corresponding 1 + 1 dimensional model also. Using the Gauss law, we find,
Py = −κ
2
∫
dx∂1 (M
aMa) . (8)
Thus, Y1 can be identified as the topological charge. In order to identify Z1 as the
Noether charge, recall that we are dealing with pure CS dynamics. Consequently, the
topological current kµ , as defined in the second equation of (4), can be identified as the
U(1) current in the asymmetric phase of the 2+1 dimensional theory. This U(1) charge
remains conserved in the corresponding 1 + 1 dimensional theory also. In particular,
the topological charge k0 ( or equivalently the U(1) Noether charge ) reduces to the
following expression after the dimensional reduction,
F12 = −eD1χaMa = −e∂1 (χaMa) . (9)
Thus, Z1 is identified as the Noether charge.
The energy functional can be written as,
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E =
∫
dx
[(
D0χ
a ± e cos βǫabcM bχc
)2
+
(
D1χ
a ∓ e sin β
{
Ma − χa
(
χbM b
)})2]
±(Y1 cos β + Z1 sin β). (10)
The lower bound on the energy functional is saturated for the solutions of the following
first order equations,
D0χ
a ± e cos βǫabcM bχc = 0, D1χa ∓ e sin β
[
Ma − χa
(
χbM b
)]
= 0. (11)
These two first order equations are consistent with the second order field equations. The
gauge potential Aa0 is determined in terms of χ
a and Ma from the first equation of (6)
and (11) respectively as,
Aa0 = ∓
e
κ
sin βχa ∓ cos βMa. (12)
Using the Gauss law and the first Bogomol’nyi equation of (11), we have,
D1M
a ∓ e
2
κ
cos β
[
Ma − χa(χbM b)
]
= 0. (13)
Multiplying the second equation of (11) and Eq. (13), respectively by Ma, we find,
∂1(M
aMa) = ±2 cos β
[
MaMa − (Maχa)2
]
,
∂1(M
aχa) = ± sin β
[
MaMa − (Maχa)2
]
. (14)
We have made the following rescaling of the field variables,
Ma → e
κ
Ma, Aa1 →
e
κ
Aa1, x→
κ
e2
, (15)
while deriving the equation (14). Note that all the field variables as well as the space
coordinate are now dimensionless quantity.
We now discuss the solutions of (14) for β 6= mpi
2
and β = mpi
2
separately, where m is
any integer.
(a) β 6= mpi
2
: Note that,
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Maχa =
1
2
tanβ (MaMa − b) (16)
for β 6= mpi
2
, where b is the integration constant. Using the relation (16) in the first
equation of (14), MaMa can be determined completely,
MaMa = ±2δ cot2 β tanh [δ cos β(x− x0)] + b+ 2 cot2 β, δ = (1 + b tan2 β) 12 , (17)
where x0 is an integration constant. The finite energy field configurations demand that
the integration constant b ≥ − cot2 β. The asymptotic values of MaMa and χaMa are,
(MaMa)+ = 2(1± δ) cot2 β + b, (MaMa)− = 2(1∓ δ) cot2 β + b,
(χaMa)+ = (1± δ) cotβ, (χaMa)− = (1∓ δ) cotβ, (18)
where a subscript ‘plus’ or ‘minus’ denotes the value of the quantity inside the bracket
at x =∞ or x = −∞, respectively. We will follow this notation throughout this paper.
The topological charge, the Noether charge and the energy are,
Y1 = ±4e
2
κ
δ cot2 β, Z1 = ±4e
2
κ
δ cotβ, E =
4e2
κ
δ
cot β
sin β
. (19)
Note that Y1 = E cos β and Z1 = E sin β. As a result, E =
√
Y 21 + Z
2
1 , very much like
dyons in YMH theory. Also, note that Y1, Z1 and E are dependent on the integration
constant b through δ. For any value of β, one can make all these quantity to be zero
by fixing b to take its minimum allowed value, i. e., b = − cot2 β, or equivalently δ = 0.
This describes trivial vacuum solution. Finite energy nontrivial soliton solutions exist
for δ > 0.
We now choose consistently Aa1 to be zero. This implies that χ
a and Ma are not
independent,
Ma = ηa0 + cot βχ
a, (20)
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where ηa0 are three independent constants. Plugging back this expression into the second
Bogomol’nyi equation and making use of Eq. (17), we determine χa,
χa = ±η
a
0
δ
tanβ tanh [δ cos β(x− x0)]± θasech[δ cos β(x− x0)]. (21)
The constants ηa0 and θ
a satisfy the following relations in order to maintain the unit
norm of χa,
θaθa = 1, θaηa0 = 0, η
a
0η
a
0 = δ
2 cot2 β. (22)
One particular choice of θ and η0 satisfying the relation (22) is θ = (0, 0, 1) and
η0 = (δ cosψ cotβ, δ sinψ cot β, 0), where ψ is an arbitrary angle. In general, θ
a can
be parameterized as the coordinates of unit sphere and ηa0 as the coordinates of a sphere
of radius δ cot β. This reduces the number of constants to four. This can further be
reduced to three by imposing the condition θaηa0 = 0.
(b) β = mpi
2
: We now discuss the special case β = (2m+1)pi
2
. All the components of
Ma are constant, Ma = ξa. The quantity ξaχa is determined as,
Maχa = ξaχa = ∓p tanh [(x− x0)p], p = ξaξa. (23)
Using this expression, we find,
χa = ∓
[
ξa
p
tanh [(x− x0)p] + ηasech[(x− x0)p]
]
, (24)
where ηa are three different integration constants having the properties,
ηaξa = 0, ηaηa = 1. (25)
These properties of ηa and ξa are necessary in order to maintain the unit norm of χa.
Now note thatMaχa goes to∓p at x = +∞, while it is ±1 at x = −∞. Thus, Z1 = ∓2pe
and Y1 = 0. This is the zero topological charge sector. The purely topological sector is
given by β = mπ. In this case, the role of χa gets exchanged with Ma.
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III. U(1) GAUGED SIGMA MODEL
The self-dual U(1) gauged sigma model with pure CS dynamics in 2+1 dimensions
is given by [5],
L3 = 1
2
Dµ~φ.D
µ~φ+
k
4
ǫµνλAµFνλ − 1
2k2
(
φ21 + φ
2
2
)
(v − φ3)2 , (26)
where ~φ is a three component real scalar field, ~φ = nˆ1φ1 + nˆ2φ2 + nˆ3φ3, with unit norm
in the internal space. The covariant derivative is defined as,
Dµ~φ = ∂µ~φ+ Aµnˆ3 × ~φ, (27)
and the field strength Fµν = ∂µAν − ∂νAµ. The scalar potential in (26) has three
degenerate minima for 0 ≤ | v | < 1. The symmetric phases are described by φ3 = ±1,
while the asymmetric phase is at φ3 = v. These three minima merge into two for | v | ≥ 1
and we are left with only symmetric phases of the theory. The Lagrangian (26) admits
topological as well nontopological soliton solutions with nonzero Noether charge.
We now obtain the 1+1 dimensional model corresponding to (26) , following the same
procedure as in the case of the completely gauged sigma model, with the identification
A2 = N ,
L4 = 1
2
Dµ~φ.D
µ~φ+ κNF01 − 1
2
N2(φ21 + φ
2
2)−
1
2κ2
(φ21 + φ
2
2)(v − φ3)2, µ = 0, 1. (28)
The potential in (28) has three degenerate minima, (i) φ3 = ±1, N ≡ arbitrary constant
and (ii) φ3 = v,N = 0 for 0 ≤ | v | < 1. For | v | ≥ 1, there are only two degenerate
minima in the symmetric phase.
The equations of motion which follow from Eq. (28) are,
κF01 = N(φ
2
1 + φ
2
2), κN
′ = j0, κ∂0N = j1, jµ = φ2Dµφ1 − φ1Dµφ2, (29)
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Dµ ~J
µ = −
(
nˆ3 × ~φ
)(
N2φ3 +
1
k2
(v − φ3)(vφ3 + 1− 2φ23)
)
. (30)
The current ~Jµ = ~φ×Dµ~φ and the U(1) current is given by jµ = − ~Jµ.nˆ3. The Noether
charge q is determined in terms of the asymptotic behaviour of N from (29) as,
q = κ
∫
dxN ′ = κ[N+ −N−]. (31)
Note that the nonzero Noether charge sectors are characterized by, N+ 6= N−.
We define two different conserved charges as follows,
Y2 =
1
2κ
∫
dx
[
(v − φ3)2 − κ2N2
]′
, Z2 =
∫
dx [N(v − φ3)]′ . (32)
We identify Y2 and Z2 as topological and Noether charge , respectively. To see this,
note that the momentum along the compactified dimension, Py =
∫
dxD0~φ.D2~φ, can
be expressed in terms of the asymptotic values of N with the help of Gauss law. In
particular, Py =
q
2
(N+ +N−) = qN¯ . We rewrite Y2 in terms of the asymptotic values of
the field variables,
Y2 =
1
2κ
[
(v − φ3)2+ − (v − φ3)2− − 2κPy
]
. (33)
Notice that Z2 =
v∓1
κ
q, in case, φ3 interpolates from any one of the symmetric vacua
to the asymmetric vacuum. This is also true when φ3 interpolates between the same
symmetric phase. However, Z2 receives an extra contribution, Z2 =
v
κ
q ∓ 2Py
q
, in case it
interpolates between the different symmetric phases. In a broad sense, Z2 can thus be
regarded as the Noether charge.
The energy functional corresponding to (28) is,
E =
1
2
∫
dx
[
D0~φ.D0~φ+D1~φ.D1~φ+N
2(φ21 + φ
2
2) +
1
κ2
(φ21 + φ
2
2)(v − φ3)2
]
. (34)
The term κ0NF01 do not contribute to the energy functional, since it is first order in
space-time derivative. Let us now introduce two orthogonal vectors ~A and ~B as follows,
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~B = nˆ3 × ~φ, ~A = ~φ× ~B. (35)
These two vectors have the following properties,
~A. ~A = ~B. ~B = φ21 + φ
2
2,
~A. ~B = 0, Dµ~φ. ~A = ∂µφ3, Dµ~φ. ~B = −jµ. (36)
Using Eqs. (35) and Eqs. (36), the energy functional (34) can be conveniently rewritten
as,
E =
1
2
∫
dx
[(
D0~φ∓ ~BP
)2
+
(
D1~φ± ~AQ
)2]± (Y2 cosα + Z2 sinα), (37)
where are P and Q are defined as,
P = N cosα− 1
κ
(v − φ3) sinα, Q = N sinα + 1
κ
(v − φ3) cosα. (38)
Note that the lower bound on the energy functional (37), i.e. , E ≥ | Y cosα + Z cosα |,
is expressed as a linear combination of the Noether charge and the topological charge.
This is reminiscent of what happens in the case of dyons in the 3+1 dimensional YMH
theory.
The Bogomol’nyi bound is saturated, when the following first order equations hold
true,
D0~φ∓ ~BP = 0, D1~φ± ~AQ = 0. (39)
These two first order equations are of course consistent with the field equations (29) and
(30). With the help of the first equation of (39), the Gauss law can be conveniently
rewritten as,
κN ′ = ∓(φ21 + φ22)P. (40)
Using the stereographic projection,
12
u1 =
φ1
1 + φ3
, u2 =
φ2
1 + φ3
, u = u1 + iu2, (41)
the second equation of (39) is transformed as,
(∂1 + A1)u∓Qu = 0. (42)
The gauge potential A1 is determined in terms of the argument of u, A1 = −[Arg(u)]′
and, hence can be consistently chosen as zero. We get the decoupled second order
equation in terms of ρ = | u |2 after combining Eq. (40) with (42),
∂2
∂x2
lnρ =
ρ
(1 + ρ)3
[(v − 1) + (v + 1)ρ] . (43)
We have scaled x as x → κ√
8
x in the above equation. Eq. (43) is precisely the one
dimensional version of the decoupled equation obtained in the 2+1 dimensional U(1)
self-dual gauged sigma model (26). However, no exact solutions is known in the 2+1
dimensional case. Eq. (43) can be written as a first order nonlinear equation,
∂ρ
∂x
= ± ρ
1 + ρ
[
a + bρ+ a0ρ
2
] 1
2
, (44)
where a = a0 − 2v, b = 2(a0 − v − 1) and a0 is the integration constant. Note that Eq.
(44) with the upper sign can be related to the same equation with the lower sign, by
changing x→ −x. Hence, we will consider the lower sign only now onwards. Once ρ is
known from Eq. (44), N can be determined as,
N =
1
κ
[ √
2
sinα
ρ′
ρ
− cotα(v − 1) + (v + 1)ρ
1 + ρ
]
. (45)
We present some exact solutions of (44) below.
No exact solution of (44) is known for arbitrary a0 and v. We first try the simplest
case δ0 = 4aa0− b2 = 0. The constants are determined as, a0 = 12(1 + v)2, a = 12(1− v)2
and b = v2 − 1. The problem now is to find the solution of the algebraic equation,
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ρ(
1 +
b
2a
ρ
)γ−1
=
2a
bγ
e−
√
a(x−x0), (46)
for a, a0 > 0, where γ =
√
a
a0
and x0 is the integration constant. The most obvious
choice now is to choose γ = 1. However, the solution ρ = −e− 1√2 (x−x0) is not a physical
one, because of the presence of a minus sign in front of it. The next possibility, γ = 0,
is ruled out since ‘a′ is zero in this case. The algebraic equation (46) certainly can be
solved for γ = 1
2
, 1
3
, 1
4
, 2
3
, 3
4
and their reciprocals. This is because Eq. (46) is at most
quartic in ρ for these values of γ. It may be possible to solve (46) for other values of
γ also. However, there is no general procedure for finding roots of fifth or higher order
polynomial equations and we do not discuss such cases here. Now note that for a fixed
γ, v is completely determined. In fact, for each value of γ, v has two different values,
v = −γ − 1
γ + 1
, −γ + 1
γ − 1 . (47)
These two values of v are reciprocal to each other. Consequently, for a fixed value of γ,
once we know a solution at a particular v, we also know the solution at 1
v
. Also, note
that γ → 1
γ
implies v → −v.
We now present some exact soliton solutions and their asymptotic behaviour for
different values of γ,
(i) For γ = 1
2
, we have the following two solutions in terms of the variableX =
√
a(x−x0),
ρ1,2 = ae
−X
[
e−X ±
(
e−2X + 4
) 1
2
]
, (48)
where ρ1(ρ2) denotes the solution with the upper(lower) sign. The field variable N is
not nonsingular all over the real line for ρ2 and, hence is not a finite energy solutions.
On the other hand, ρ1 vanishes at x = ∞ and diverges at x = −∞. This implies that
φ3 interpolates from −1 to 1. The asymptotics of N for this solution is,
N+ =
1
κ
[
−
√
2a
sinα
− (v − 1) cotα
]
, N− =
1
κ
[
−2
√
2a
sinα
− (v + 1) cotα
]
. (49)
14
This solution ρ2 is valid for both v =
1
3
and v = 3.
(ii) We have the following solutions for γ = 2,
ρ1,2 =
a
b

−1 ± (1 + 4
b
e−X
) 1
2

 . (50)
This solution is valid for both v = −1
3
and v = −3. However, b is negative for v = −1
3
and ρ1,2 becomes imaginary for certain values of x. Thus, solutions with v = −13 can not
be physical. On the other hand, ρ2 goes to −2ab as x→∞. This means φ3 goes to v = −3
at spatial infinity. Unfortunately, φ3 can not take this value because of the constraint
~φ.~φ = 1. Thus, the only acceptable solution is ρ1 with v = −3, which vanishes at one
end and diverges in the other end, implying that φ3 interpolates between the symmetric
vacua. The behaviour of N corresponding to this solution is,
N+ =
4
κ
[
cotα− 1
sinα
]
, N− = − 1
κ sinα
+
2
κ
cotα. (51)
(iii) For γ = 3
2
and v = −1
5
, we determine ρ as,
ρ =
1
2
+
1
4
B
1
3 +B−
1
3 , B =
1
2
[
16 + 225e−2X + 15e−X
(
32 + 225e−2X
) 1
2
]
. (52)
As x→∞, ρ→ 3
2
and ρ diverges as x→ −∞. This is the solution interpolating between
the symmetric and the asymmetric vacuum. In particular, φ3 interpolates from −1 at
x = −∞ to v = −1
5
at x =∞. The behaviour of N corresponding to this solution is,
N+ = 0, N− = − 4
5κ sinα
− 4
5κ
cotα. (53)
We find exact solutions for (a) γ = 1
3
, v = 2, (b) γ = 3, v = −2, (c) γ = 2
3
, v = 1
5
, (d)
γ = 1
4
, v = 5
3
and (e) γ = 3
4
, v = 7. All of these solutions interpolate from −1 to 1 and
we present some of these solutions in Appendix A. The solutions for other values of γ
and v are not physical in the sense that either they are of infinite energy or they become
imaginary over certain region of space.
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Let us now consider the case δ0 6= 0. The problem again is to solve an algebraic
equation similar to (46), but more complicated. We are able to solve this equation only
for v = 0. For this choice of v, a = a0 and b = 2(a0 − 1). We have the following
expression for ρ with a0 > 0,
ρ1,2 =
1
2a0
[
A±
(
A2 − 4a20
) 1
2
]
, A = 2a0 cosh
2 X
2
+ (2a0 + 1) sinh
2 X
2
. (54)
φ3 goes to −1 at both the spatial infinities for the solution (54). However, N is not well
behaved all over the space for ρ2. We discard this solution. The asymptotic behaviour
of N corresponding to ρ1 is given by,
N+ =
1
κ
[ √
2
sinα
− cotα
]
, N− =
1
κ
[
−
√
2
sinα
− cotα
]
. (55)
Note that the energy is expressed in terms of the topological and the Noether charge
as, E =
√
Y 22 + Z
2
2 , for all of these solutions. This is exactly like the energy bound in
BPS dyons. These solitons are domain walls in nature, interpolating between different
symmetric and asymmetric vacua.
IV. SUMMARY AND DISCUSSIONS
In conclusion, we have studied soliton solutions in certain 1+1 dimensional gauged
sigma models. These models are obtained by dimensionally reducing 2+1 dimensional
self-dual gauged sigma models with pure CS dynamics. We have found a remarkable
similarity between these 1 + 1 dimensional models and the 3 + 1 dimensional YMH
theory. In particular, the Bogomol’nyi bound is expressed in terms of the topological
and the Noether charge in a similar way to that of the BPS dyons. Moreover, the scale
invariant solitons with vanishing Noether charge, of the 2+1 dimensional completely
gauged sigma model, have definite scale and nonzero Noether charge in the corresponding
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1+1 dimensional theory. This resembles the way BPS dyons can be obtained from four
dimensional Eucledian Yang-Mills theory. Such a similarity between Q-kinks and the
BPS dyons already exists. However, Q-kinks are necessarily time dependent solutions,
while BPS dyons are static, minimum energy solutions of the YMH theory. In our case,
the similarity is between the static solitons of gauged sigma model with BPS dyons.
Recently, it has been shown that the static solitons of dimensionally reduced self-dual
U(1) CS Higgs theory also share similar properties with the BPS dyons [15]. However,
the soliton solutions of the self-dual CS theory in 2+1 dimensions are not scale invariant.
Thus, the soliton solutions of completely gauged sigma models studied in this paper
have more similarities with the BPS dyons than any other existing models. Finally, we
have obtained all static, exact soliton solutions of the completely gauged sigma model
saturating the Bogomol’nyi bound. On the other hand, we found only a class of exact,
static soliton solutions for the U(1) gauged sigma model. The soliton solutions of both
of these models are domain walls in nature interpolating between different symmetric
and asymmetric vacua.
The models considered in this paper have no kinetic energy term corresponding to
the gauge fields and the gauge field equations appear as constraints. This is because they
are dimensionally reduced version of 2 + 1 dimensional models with pure CS dynamics.
In this regard, one might also consider the dimensionally reduced version of the 2+1 di-
mensional completely gauged sigma model with both Yang-Mills as well as CS dynamics
[2]. The resulting Lagrangian would have not only the gauge field kinetic energy term,
but also a kinetic energy term for the triplet M in terms of its covariant derivative and
certain interaction term dictated by the 2+1 dimensional anomalous magnetic moment
interaction term. We expect that all the results obtained in this paper will go through
in a straightforward way for this case also.
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It is known that gauged sigma models can be viewed as a low energy effective action
of certain gauged linear sigma models [3]. These linear models are useful in studying
different kinds of 2 + 1 dimensional soliton solutions in an unified manner. However, in
general, it is difficult to analyze the Bogomol’nyi equations arising out of these linear
sigma models in detail. The study of 1+1 dimensional version of these models, which are
expected to be the gauged linear sigma models corresponding to the models studied in
this paper, may shed some light on the 2+1 dimensional problem. Similar considerations
also apply for the gauged CPN models.
ACKNOWLEDGMENTS
I would like to thank Avinash Khare for a careful reading of the manuscript and
valuable comments.
APPENDIX A: SOME MORE EXACT SOLUTIONS
In this appendix, we present some more exact solutions of Eq. (46) for different val-
ues of γ and v. For all of these solutions, φ3 interpolate between −1 and +1. Also, the
energy is expressed in terms of the topological and Noether charge as, E = (Y 22 +Z
2
2)
1
2 .
(a) γ = 1
3
, v = 2:
ρ = e−3X + (
2
3C
)
1
3 e−3X
(
2 + 3e−3X
)
+ (
C
18
)
1
3 ,
C = 3e−3X

1 + 6e−3X + 6e−6X + (1 + 4
3
e−3X
) 1
2

 . (A1)
(b) γ = 3, v = −2:
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ρ = −2 +D 13 +D− 13 , D = 1
2
[
2 + 3e−X +
√
3e−
X
2
(
4 + 3e−X
) 1
2
]
. (A2)
(c) γ = 2
3
, v = 1
5
:
ρ =
2
15
(
2
E
)
1
3
[
−4e−3X + 2 13E 23
]
, E = e−3X
[
15 +
(
225 + 32e−3X
) 1
2
]
. (A3)
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